A model of inflation produced by a viscous fluid is investigated and its compatibility with the holographic principle at the very early universe (as recently formulated for the holographic universe with a holographic cut-off radius) is demonstrated. Specifically, ensuing from the model, the corresponding scale factor and infrared cut-off are analytically calculated, which are taken to be the particle and future event horizon for inflation, respectively. Using them, the energy conservation law, in the holographic point of view, is obtained. In this way, total equivalence of viscous fluid inflation, with the specific cutoff of Nojiri and Odintsov, and holographic inflation is proven.
Introduction
The origin of the holographic principle is associated with the thermodynamics of black holes and string theory [1] [2] [3] [4] . Mainly, the researches on the application of the holographic principle have been performed in late-time cosmology. In Ref. [5] a model of generalized holographic dark energy for an accelerating universe was discussed, in which the infrared cut-off is identified with a certain combination of the Friedmann-Lamaître-Robertson-Walker (FLRW) parameters. In Ref. [6] , a model for holographic dark energy was proposed, following the idea that the short distance cut-off may be related with the infrared cut-off.
The holographic dark energy model is one of the existing models for quantum gravity. This possibility, based on the holographic principle, is proposed in Ref. [6] (see Ref [7] for a review); the holographic energy density is proportional to the inverse infrared cut-off IR L squared, namely, 
where 2 k is the gravitational constant and c is also a constant.
The most general holographic dark energy model was proposed by Nojiri and Odintsov in Ref. [8] . This holographic dark energy model describes large number of particular cases like Ricci dark energy, etc. Furthermore, it was recently shown that it may be generalized to holographic inflation (see Ref. [9] ).
The holographic description of dark energy is of interest from a phenomenological point of view [10] [11] [12] , since it can be connected to observations [13, 14] . Different versions of the cutoff, corresponding to various generalized holographic dark energies, have been considered in Refs. [15] [16] [17] [18] [19] [20] [21] .
We should make clear that there is another previous definition of holographic inflation related with string theory and AdS/CFT duality [22] [23] [24] , and that one should not at all mix these two different approaches to holography. Both terms have become kind of standard in the literature by now, but in this paper we use the term holographic inflation in the above defined sense, and not in the one of string theory. In short, there are two different approaches being ours not related with string theory holography.
In the present paper, we develop an investigation of a model of holographic inflation produced by a physical fluid, in which its viscosity plays an important role. In the inflationary scenario we will focus on the very initial stages of our universe. For various viscous fluid models, with constant and non-constant equation of state (EoS) parameters, we discuss the corresponding energy conservation law in terms of holographic inflation. And we establish the equivalence between our viscous fluid inflation and holographic inflation, within the specific cut-off choice of Nojiri and Odintsov [5] .
Holographic inflation
The holographic principle at the very early universe has been discussed in Ref. [9] in some detail. Here, we will investigate holographic inflation as produced by a viscous fluid in a flat FLRW universe, with metric ( ) 
where ( ) a t is the scale factor.
In the inflation period the first Friedmann equation reads
where inf ρ is the energy density of the fluid that drives inflation. Its source can be, for example, a scalar field or modified gravity. We neglect the contribution from matter and radiation. Here
is the varying Hubble parameter. In this work we consider that inflation has a holographic origin, namely that its source is the holographic energy density. Hence, imposing that ρ
within (1) is inf ρ , the Friedmann equation for an expanding universe becomes simply
where c is a positive constant, since the expanding universe model is considered. As the infrared cut-off is related to causality, it must determine the form of the horizon.
As always, 1 H − corresponds to the radius of the cosmological horizon, which gives the limit of the causal relations from the viewpoint of the classical geometry, namely any information beyond the horizon cannot affect us, at least at the time when we measure H. The original idea of the holographic energy paradigm comes from identifying the classical horizon radius with the infrared cutoff in the quantum field theory, since we neglect any contribution coming from energy scales smaller than the cutoff scale. This implies that we may relate, as we will see later, the horizon radius 1 H − with the infrared cut-off, since the information in energy scales larger than the ultraviolet cutoff scale is irrelevant.
The simplest choice is that IR L should be exactly the Hubble radius, which however, cannot be used at late-times applications, since it cannot lead to an accelerating universe [18] , and this is the case for the next guess, namely the particle horizon. Hence, one can use the future event horizon [6] , the age of the universe or the conformal time [19, 20] , the inverse square root of the Ricci curvature [21] , a combination of Ricci, Gauss-Bonnet invariants, etc.
We thus consider the universe as a whole and use the cut-off radius of the horizon and its generalizations. This terminology is standard in all papers starting from M. Li [6] etc. As already mentioned above, there is another sort of holographic inflation related with string theory and AdS/CFT duality [22] [23] [24] and one should not mix these two approaches to holography. Both terms have become kind of standard in the literature, but in this paper we use the term holographic inflation in the above sense, not in the one of string theory. 
Such a choice of infrared radius allows us to apply the holographic principle to describe inflation. In a general situation, IR L could be a function of both p L and f L [8, 11] . Note that various special cases for holographic cut-off choices correspond to different specific choices of the Nojiri-Odintsov cut-off.
Representation of viscous fluid models in holographic inflation
In this section, we will apply the holographic principle to the inflationary universe for the description of inhomogeneous viscous fluid models in a flat FLRW space-time. We shall describe inflation in terms of the particle horizon, p L , or the future event horizon, f L , and the bulk viscosity. Next, we will use the results of Ref. [25] .
Let us write the inhomogeneous EoS as
where ( )
is the value of the Hubble function at the end of inflation t * .
We assume that the universe is filled up with the fluid, and that the energy density ρ satisfies the energy conservation law, namely, 
H
In the initial stage inflation, when , we have . We choose the
were 0 b is in general a dimensional constant. We assume basically a power law for the bulk viscosity, as is quite usual in macroscopic cosmological theory. Let us, first make the choice 2 n = , corresponding to a heavier weight on the H dependence in the early universe, when H was large.
Physically that means the influence from bulk viscosity was taken to be large at the beginning of the universe's evolution.
The Hubble function reads 
where 0 a is an integration constant.
Further, we can calculate the future event horizon, as
Provided 0 2 3 ω < . From the holographic viewpoint H and its derivative H  can be represented
Thus, by using (13), the conservation law of the fluid in (8) in the holographic language can be rewritten as
Next, we obtain the corresponding EoS, which turns out to be
To summarize, in this first model we have successfully investigated the application of the holographic principle in the initial stages of inflation. 
Most often, one makes the choice of a linear dependence of the viscosity on H [26] . From the physical point of view, that is a milder influence from the bulk viscosity at the beginning of inflation, and a more conventional form.
As we consider the initial stage of inflation, we can choose the energy density, ρ * , as
In this approximation, the Hubble function becomes [25] ( ) ( )
where ( ) 3 4 in in
Now, we can calculate the scale factor, with the result ( ) 
In the particular case, when 0 τ → ( ) in t t → , in the linear approximation, the expression (18) simplifies, and one obtains
We can now describe the holographic inflation in terms of the particle horizon p L , as
From the holographic viewpoint, H can be represented as the particle horizon p L [ 
Consequently, the energy conservation law for the fluid (8) 
Summing up, we note that we have just obtained the reconstruction of the arbitrary viscous fluid for inflation as a generalized holographic energy.
Quasi-de Sitter expansion for inflation
Finally, we consider a non-viscous model for the fluid, which describes quasi-de Sitter inflation. The thermodynamic parameter has the form [25] ( ) 
respectively, where 
The scale factor is given by the expression 
Here a future horizon can be defined by
Using the holographic language, we may rewrite the continuity equation for the energy as follows
To conclude this section, in the three examples above, we have explicitly exhibited the possibility of application of the holographic principle for the description of the inflationary universe, within the quite standard setting of viscous fluid cosmology.
Conclusion
In this work we have shown the possibility to apply the holographic principle to the very early stages of the universe evolution. Three specific cosmological models for describing a holographic inflation scenario with the use of an inhomogeneous EoS, relying, in special, on the viscosity property of the fluid, have been considered. We have paid attention to the very initial stage of the inflation. For each model we have analytically calculated the scale factor, the particle or future event horizons. One should notice that a change in sign in the viscosity term in Eq. (6) may lead to the appearance of future singularities (see, e.g., [27] ). For our discussion here we preferred not to deal with this issue, what we expect to do elsewhere. Specifically, we have been able to rewrite the continuity equation for the energy density of the viscous fluid in the holographic language. The equivalence in describing inflation by means of a viscous fluid versus holographic inflation with the specific cut-off of Nojiri and Odintsov has been shown, in particular, with three specific examples of the application of the holographic description of inflation.
This theory can be extended to the case of two coupled fluids. All calculations are similar to those presented here. Note that, applying the above method, one can visualize inflation from modified gravity [28] as holographic inflation, too.
